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Abstract. We obtain several rigidity results for biharmonic submanifolds in §™ 
with parallel normalized mean curvature vector field. We classify biharmonic sub- 
manifolds in S" with parallel normalized mean curvature vector field and with at 
most two distinct principal curvatures. In particular, we determine all biharmonic 
q ■ surfaces with parallel normalized mean curvature vector field in § n . 

| Then we investigate, for (not necessarily compact) proper biharmonic sub- 

manifolds in § n , their type in the sense of B-Y. Chen. We prove: (i) a proper 
ON ' biharmonic submanifold in S n is of I-type or 2-type if and only if it has constant 

mean curvature / = 1 or / £ (0, 1), respectively; (ii) there are no proper bihar- 
monic 3-type submanifolds with parallel normalized mean curvature vector field 
in § n . 
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1. Introduction 



Let ip : M — > (N, h) be the inclusion of a submanifold M into a Riemannian 
manifold (N, h). We say that the inclusion is biharmonic, or M is biharmonic, if its 
mean curvature vector field H satisfies the following equation 

00' (1.1) T 2 (ip) = -m[AH + trace R N (d<p(-), H)d(p(-) )= 0, 

in'. 

CN ■ where A denotes the rough Laplacian on sections of the pull-back bundle cp~ 1 (TN) 

and R N denotes the curvature operator on (N,h). The section T2(p) is called the 
bitension field. 

When M is compact, the biharmonic condition arises from a variational problem 
for maps: for an arbitrary smooth map (p : (M, g) — > (N, h) we define 



M<p) = 1[ l^)l 2 

2 Jm 



where r(<p) = trace Vd<p is the tension field. The functional E<i is called the bi- 
energy functional. In the particular case when ip : (M, g) — > (N, h) is a Riemannian 
immersion, the tension field has the expression r(ip) = mH and equation (11.11) is 
equivalent to ip being a critical point of E 2 . 

Obviously, any minimal submanifold {H = 0) is biharmonic. The non-harmonic 
biharmonic submanifolds are called proper biharmonic. 

The study of proper biharmonic submanifolds is nowadays becoming a very active 
subject and its popularity initiated with the challenging conjecture of B-Y. Chen: 
any biharmonic submanifold in an Euclidean space is minimal. 
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Due to some nonexistence results (see I25| ) the Chen conjecture was gener- 
alized to: any biharmonic submanifold in a Riemannian manifold with nonpositive 
sectional curvature is minimal, but this was proved not to hold. Indeed, in |27| the 
authors constructed examples of proper biharmonic hypersurfaces in a 5-dimensional 
space of non-constant negative sectional curvature. 

Yet, the conjecture is still open in its full generality for ambient spaces with con- 
stant nonpositive sectional curvature, although it was proved to be true in numerous 
cases when additional geometric properties for the submanifolds were assumed (see, 
for example, [3 El El H Ej ) . 

By way of contrast, as we shall detail in Section [21 there are several families of 
examples of proper biharmonic submanifolds in the n-dimensional unit Euclidean 
sphere S n . For simplicity we shall denote these classes by Bl, B2, B3 and B4. Nev- 
ertheless, a full understanding of the geometry of proper biharmonic submanifolds 
in § n has not been achieved. The goal of this paper is to continue the study of 
proper biharmonic submanifolds in S n that was initiated for the very first time in 
P2] and then developed in [2] - [7], [231 [25]. 

In [4] the proper biharmonic submanifolds with parallel mean curvature vector 
field (PMC) in § n were studied. In the first part of this paper we extend our 
study to biharmonic submanifolds with parallel normalized mean curvature vector 
field (PNMC). We recall that there exist PNMC surfaces which are not PMC (see 
[llj, 120] ) and, obviously, a PNMC submanifold is PMC if and only if it has constant 
mean curvature (CMC). We underline the fact that all known examples of proper 
biharmonic submanifolds in spheres are CMC, but there is no general result con- 
cerning the constancy of the mean curvature of proper biharmonic submanifolds in 
S n . 

First, in Section [31 under some hypotheses on the mean curvature or on the 
squared norm of the Weingarten operator associated to the mean curvature vector 
field, we prove that compact, or complete, PNMC biharmonic submanifolds are 
PMC. 

As we shall see in Section [U PNMC pseudo- umbilical biharmonic submanifolds in 
S n are of class B3. We then study the PNMC biharmonic submanifolds in S n with at 
most two distinct principal curvatures in the direction of the mean curvature vector 
field, proving that they are CMC and belong to the classes B3 or B4 (Theorem 14. 4p . 

The second part of the paper is devoted to finite type submanifolds. These sub- 
manifolds were introduced by B-Y. Chen (see, for example, [S1[TU]) in the attempt 
of finding the best possible estimate of the total mean curvature of a compact sub- 
manifold in the Euclidean space. Although defined in a different manner, finite type 
submanifolds arise also, in a natural way, as solutions of a variational problem. 

We prove that proper biharmonic submanifolds in spheres are of 1-type or 2-type 
if and only if they are CMC with mean curvature / = 1 or / G (0, 1), respectively 
(Theorem ESD. 

Moreover, we prove that there are no 3-type PNMC biharmonic submanifolds in 
S n (Theorem I5.10p . obtaining the nonexistence of 3-type biharmonic hypersurfaces 
in S" (Corollary ETQ. 

Finally, under some extra conditions (mass-symmetric and independent) on finite 
fc-type submanifolds in S n we prove that biharmonicity implies that k = 2 (Propo- 
sition EJJ2]). 
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Conventions. Throughout this paper all manifolds, metrics, maps are assumed 
to be smooth, i.e. C°°. All manifolds are assumed to be connected. The following 
sign conventions are used 

AV = - trace VV, R N (X,Y) = [V x ,Vy] - V^.yj, 
V G Cifp-^TN)) and X, Y G C{TN). 

Acknowledgements. The authors would like to thank Professors B-Y. Chen 
and I. Dimitric for helpful discussions. 

2. BIHARMONIC SUBMANIFOLDS 

The key ingredient in the study of biharmonic submanifolds is the splitting of the 
bitension field with respect to its normal and tangent components. 

Theorem 2.1. The canonical inclusion <p : M m — > N n of a submanifold M in a 
Riemannian manifold N is biharmonic if and only if the normal and the tangent 
components of T?,(ip) vanish, i.e. respectively 

(2.1a) A ± H + trace B(-,A H -) + tr&ce(R N (■, H)-) 1 - = 0, 

and 

— grad/ 2 + 2trace,4 v x^(-) + 2trace(R N H)-) T = 

(2.1b) -^grad/ 2 + 2trace(V^)(-,-) = 0, 

where A denotes the Weingarten operator, B the second fundamental form, H the 
mean curvature vector field, f = \H\ the mean curvature function, V 1 - and A 1 - the 
connection and the Laplacian in the normal bundle of M in N. 

This result was obtained in [101 [25] for submanifolds in space forms, and in [26J 
for general hypersurfaces. We note that the tangent part of T2((f) vanishes if and 
only if the stress-energy tensor for biharmonic maps associated to (p vanishes (see 
[221 118]). In the case the ambient space is a space form of sectional curvature c, 
(PTTaD - (f2Tbl) reduce to 

Corollary 2.2 ([10U25]). The canonical inclusion ip : M m — > E n (c) of a submanifold 
M in the space form E n (c) is biharmonic if and only if 

( A ± H + trace B(-,A H -) -mcH = 0, 

^'^ j 2 trace A v ± H (-) + f grad / 2 = 0. 

Up to now there are not known examples of proper biharmonic submanifolds in 
a space form E ra (c) with c < 0, i.e. proper solutions of (12. 2|) with c < 0. This 
fact has suggested, as we have mentioned in the introduction, the generalized Chen 
conjecture. 

If c = 1, the situation is rather different and the following are considered to be 
the main examples of proper biharmonic submanifolds in S n = E n (l): 

Bl. The small hyper sphere 

S n_1 (l/V^) = {(x, l/y/2) G R n+1 : x G W 1 , \x\ 2 = 1/2} C S n . 
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B2. The standard products of spheres 

S ni (l/V2) x S" 2 (l/V2) = {(x,y) G M ni+1 x M n2+1 ,|x| 2 = \y\ 2 = 1/2} C S n , 

n i + n 2 = n — 1 an d rii 7^ ri2- 
B3. The minimal submanifols M in a small hyper sphere S n_1 (l/\/2) C § n . 

B4. The minimal submanifolds Mf 1 x M™ 2 in S ni (l/v/2) x S™ 2 (l/>/2) C with 
n\ + ri2 = n — 1, m\ / 7712- 

Example B2 was found in [TU], while example Bl was derived in [7]. The two 
families of examples described in B3 and B4 were constructed in [6J. Moreover, B3 
is a consequence of the following property. 

Theorem 2.3 ([S]). Let M be a minimal submanifold in a small hypersphere § n_1 (a) C 
a G (0, 1). Then M is proper biharmonic in S n if and only if a = l/\/2- 

We note that the proper biharmonic submanifolds in S n obtained from minimal 
submanifolds of the proper biharmonic hypersphere § n_1 (1/ y/2) have constant mean 
curvature / = 1. 

More generally, we have the following bounds for the mean curvature of CMC 
proper biharmonic submanifolds in § n . 

Theorem 2.4 ([23]). Let M be a CMC proper biharmonic submanifold in S n . Then 
f G (0, 1]. Moreover, if f = \, then M is a minimal submanifold of a small hyper- 
sphere S n - 1 (l/V2) C S n . 

Notice also that proper biharmonic submanifolds in § n obtained from minimal 
submanifolds of S n_1 (l/\/2) have parallel mean curvature vector field (PMC) and 
are pseudo-umbilical, i.e. Ah = f 2 Id. In [28J it was proved that an umbilical 
biharmonic surface in any 3-dimensional Riemannian manifolds must be a CMC 
surface. This is a particular case of the following proposition. 

Proposition 2.5. Let ip : M m -4 N be a submanifold of a given space N , m 7^ 4. 
If M is pseudo-umbilical, then the tangent part of T2^p) vanishes, i.e. (j2.1bj) is 
satified, if and only if M is CMC. In particular, if M is a biharmonic pseudo- 
umbilical submanifold of N , m 7^ 4, then M is CMC. 

Proof. Since M is pseudo-umbilical, Ah = f 2 Id and we find immediately 

(2.3) trace (VA H )(•,•) = grad/ 2 . 

Then (j2.1bj) is equivalent to 

(m — 4) grad/ 2 = 0, 

and we conclude the proof. □ 

We recall that a pseudo-umbilical submanifold M m , m 7^ 4, of codimension two 
in S n is proper biharmonic if and only if it is minimal in § m+1 (l/v / 2) (see [3]). Now, 
a natural question arises: for arbitrary codimension, is a pseudo-umbilical proper 
biharmonic submanifold M m in S n , minimal in S n ~ 1 (l/v / 2)? 
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3. BIHARMONIC SUBMANIFOLDS WITH PARALLEL NORMALIZED MEAN CURVATURE 

VECTOR FIELD IN § n 

A submanifold M in a Riemannian manifold is said to have parallel normalized 
mean curvature vector field (PNMC) if it has nowhere zero mean curvature and the 
unit vector field in the direction of the mean curvature vector field is parallel in the 
normal bundle, i.e. 

(3.1) V ± (H/f) = 0, 

where / = \H\ is a smooth and positive function. In the following, for a PNMC 
submanifold, we shall denote by £ = H/f the nomalized mean curvature vector field 
and by A the Weingarten operator associated to £. 

PNMC submanifolds generalize non-minimal PMC submanifolds. Moreover, for 
CMC submanifolds PNMC is equivalent to PMC. Note that, as stated in [HI ED], it 
is possible to find examples of PNMC submanifolds which are not PMC. 

The characterization of PNMC biharmonic submanifolds in S n follows by Corol- 
lary! 



Theorem 3.1. Let <p : M m —> S n be a PNMC submanifold in the n-dimensional 
unit Euclidean sphere § n . Then M is biharmonic if and only if 



(3.2) 

or, equivalently, 
(3.3) 



trace B(-,A H -) = (m-jAf^ H, 

Tfl 

A H (grad/ 2 ) = --/ 2 grad/ 2 , 



(i) (A,A v )=0, VneC{NM),n±t, 

(ii) A/ = (m-|^| 2 )/, 

(iii) A(grad/ 2 ) = - y/grad/ 2 , 



where NM denotes the normal bundle of M in S n . 

Proof. Let p 6 M and consider {Ei}'£ =1 to be a local orthonormal frame field on M 
geodesic at p. Since M is PNMC, we have 

(3.4) VjcH = jX(f)H, VleC(TM). 

From here, at p we have 



A ± H = _trace(V ± ) 2 J ff = -^V^ (-#;(/)# 
~(A/)#, 



which implies that the first equation of (|2.2|) becomes the first equation of 
From (13. 4p we obtain 

m ^ 

(3.5) trace A^x H (-) = Y J ^^ H ( E i) = ^2^(grad/ 2 ), 

and the second equation of (|2.2p becomes the second equation of (|3.2p . 
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Next, since Ah = fA, by considering the components of trace £?(•, Ah-), the one 
parallel to £ and the one orthogonal to £, one verifies immediately that equations 
(|3.3[) and (|3.2|) are equivalent. □ 

3.1. The compact case. Immediate consequences for compact PNMC biharmonic 
submanifolds follow from (|3.3p (ii). 

Corollary 3.2. Let M be a compact PNMC biharmonic submanifold in 8". 

(i) If \A\ 2 < m, or \A\ 2 > m, on M , then M is PMC and \A\ 2 = m. 

(ii) If \A\ is constant, then M is PMC and \A\ 2 = m. 

From Corollary [321 if M is a compact PNMC biharmonic submanifold in § n , then 
either there exists p S M such that |A(j>)| 2 < m, or \A\ 2 = m. 

Moreover, as a consequence of Corollary 13.21 we shall also prove that compact 

PNMC biharmonic submanifolds in S n , with a supplementary bounding condition 

on the mean curvature, are PMC. First we recall that a compact proper biarmonic 

submanifold in S n admits at least one point p with f(p) < 1 (see [1]), thus when 

4 

considering the hypothesis f 2 > — we have to assume m > 5 (if m = 4, then / = 1). 

m 

Proposition 3.3. Let M m be a compact PNMC biharmonic submanifold in S™, 

4 

m> 5. If the mean curvature of M satisfies f 2 > — , then M is PMC. 

m 

Proof. We will show that, in the given hypotheses, we have \A\ 2 > m on M, thus, 
by Corollary E21 M is PMC. 

Let po G M be arbitrarily fixed. We have two cases. 

Case 1. If grad po / ^ 0, since M is PNMC biharmonic, from (|3.3|) (iii) we have 

(3-6) \A(p )\ 2 >^f 2 (p )>m. 

Case 2. Consider now the case when grad po / = 0. If there exists an open 
subset U C M, po £ U, such that gr&df/u = 0, then equation (|3.3|) (ii) implies that 
| A\ 2 = m on U. Otherwise, po is a limit point for the set V = {p £ M : grad p / ^ 0}. 
By Case 1 we have > m, for all p G V. Therefore, we obtain |^4(po)| 2 > m, 

and the proof is completed. □ 

By Proposition 13.31 and Theorem 3.11 in [1] we get the following. 

Corollary 3.4. Let M m be a compact PNMC biharmonic submanifold in §™ such 

that f 2 > —, me {4, 5, 6, 7}. Then M is minimal in S n_1 (l/V2). 
m 

Since hypersurfaces with nowhere zero mean curvature are PNMC submanifolds, 
we have the following result. 

Corollary 3.5. Let M m be a compact biharmonic hypersurface in § m+1 , m > 5. If 

4 

the mean curvature of M satisfies f 2 > — , then M is CMC. 

m 

3.2. The non-compact case. For the non-compact case, if M m is a PNMC bihar- 
monic submanifold in § n such that \A\ 2 > m, then / is a subharmonic function and 
therefore either / is constant, or / can not attain its maximum. In the following we 
shall prove that, under some additional hypotheses, the latter case can not occur. 

We shall need the following theorem. 
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Theorem 3.6 (Omori-Yau Maximum Principle, |32j). If M m is a complete Rie- 
mannian manifold with Ricci curvature bounded from below, then for any function 
u G C 2 (M), bounded from above, there exists a sequence of points {pk}keN C M 
satisfying 

1 1 

lim u(p k ) = supu, | grad u\ < — , Au(p k ) > --. 

fe->oo m yK k k 

Now we can prove our result. 

Proposition 3.7. Let M m be a complete PNMC biharmonic submanifold with non- 
negative Ricci curvature in S n . If \A\ is constant and the mean curvature of M 

satisfies f 2 > — , then M is PMC and \A\ 2 = m. 
m 

Proof. By an argument similar to that in the proof of Proposition I3.3| we get 
\A\ 2 > m on M, and (|33|) (ii) implies Af < on M. 

On the other hand, we are in the hypotheses of Theorem 13.6} and thus there 

exists {pk}k C M satisfying Af(pk) > —-r- Therefore, lim Af(pk) = 0. Using this 

k k—^oo 

4 

in (]3.3p (ii). since f 2 > — , we obtain \A\ 2 = m and Af = on M. 

Now, using the fact that on a complete manifold with non-negative Ricci curvature 
there are no non-constant bounded harmonic functions (see [32]), we conclude. □ 

For hypersurfaces this result is expressed as follows. 

Corollary 3.8. Let M m be a complete biharmonic hypersurface with non-negative 

Ricci curvature in S m+1 . If \A\ is constant and the mean curvature of M satisfies 
4 

f 2 > — , then M is CMC and \A\ 2 = m. In this case, m > 8 and f 2 < 1. 
m 

4. PNMC BIHARMONIC SUBMANIFOLDS IN E n WITH AT MOST TWO DISTINCT 

PRINCIPAL CURVATURES 

Inspired by the case of hypersurfaces (see [3]), we intend to study PNMC bihar- 
monic submanifolds in S n by taking into account the number of distinct principal 
curvatures in the direction of the mean curvature vector field. 

Proposition 4.1. Let M m , m > 2, be a pseudo-umbilical PNMC submanifold in 
S n , then M is PMC. Moreover, M is minimal in S n ~ 1 (a) C S n ; for some a £ (0, 1). 

Proof. For any submanifold in S n by the Codazzi equation, we have 

(4.1) 2 trace(V4ff = m grad / 2 + 2 trace yl v x H (-) 

Now, taking into account (|2.3|) and (|3.5|) . (|4.1|) becomes 

(m - 1) grad/ 2 = 0. 

Thus M is PMC and, using a result of B-Y. Chen (see [TOl pag. 133]), follows that 
M is minimal in § n_1 (a) C S n , for some a E (0, 1). □ 

Combining Proposition 14.11 and Theorem 12.31 follows that 

Proposition 4.2. Any PNMC pseudo-umbilical biharmonic submanifold in S n is 
minimal in § n_1 (l/\/2). 



8 



A. BALMUg, S. MONTALDO, AND C. ONICIUC 



Thus, the next step consists in classifying the PNMC biharmonic submanifolds in 
S n with at most two distinct principal curvatures in the direction of H. Notice that 
any hypersurface with nowhere zero mean curvature is PNMC, and the classification 
of proper biharmonic hypersurfaces with at most two distinct principal curvatures 
was achieved in [3]. In order to obtain the desired general classification, we first 
have to prove the following result. 

Theorem 4.3. Let M m be a PNMC biharmonic submanifold in S n with at most 
two distinct principal curvatures in the direction of H . Then M is PMC. 

Proof. It is sufficient to prove that /, which is a positive function on M, is constant. 
Suppose that / ^ constant. Then, there exists p £ M such that grad p / ^ 0, thus 
there exists U a neighborhood of p in M such that grad/ ^ on U. Taking into 
account Proposition 14.21 U can not be made out only of pseudo-umbilical points. 
We can then assume that there exists a point q £ U which is not pseudo-umbilical. 
Then, eventually by restricting U, we can assume that A / /Id at every point of 
U, thus A has exactly two distinct principal curvatures on U. 
From (|3.3p (iii) we have 

m 

A(grad/) = -—/grad/, 
i.e. Ei = | ^ad/ | * s a principal direction for A, with principal curvature 
(4-2) h = -%f. 

Recall that, as A has exactly two distinct principal curvatures, the multiplicities 
of its principal curvatures are constant and the principal curvatures are smooth (see 
|29|). Thus A is diagonalizable with respect to a local orthonormal frame field, and 
we can chose it to have the first field equal to E\, i.e. the frame field is {E\, . . . , E m }. 
We then have A(Ej) = fcji^, i = 1, ... ,m, where not all the fcj's are different and, 
by construction, k\ = k\. Since (E a ,Ei) = 0, we have on U 

(4.3) £«(/) = 0, Va = 2,...,m. 

We shall use the connection equations with respect to the frame field {E%, . . . , E m }, 

(4.4) VEkE^ujiEjEk. 

Let us first prove that the multiplicity of ki is m\ = 1. Suppose that there exists 
a G {2, . . . , m}, such that k a = &i on U. Since V^^ = 0, the Codazzi equation for 
A is 

(4.5) (V Ei A)(E j ) = (V E] A)(E t ), Vi, j = 1, . . . ,m. 
By using (|4.4|) . the Codazzi equation becomes 

m m 

(4.6) EifrfiEj + J2(k ~ hWjWEt = EjfoEi + ]T(fe 4 - k t )4^j) E l- 

i=\ e=i 

Putting i = 1 and j = a in (|4.6p and taking the scalar product with we obtain 
Ei(k\) = 0, which, together with (|4.2|) and (|4.3|) . gives / = constant, thus we have 
a contradiction. 

Thus /ci = k\ and k a = k2, for all a = 2, . . . , m, and since traced = mf, we get 

(4.7) fa - l-^/. 

2 m — 1 
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Putting i = 1 and j = a in (|4.6p and taking the scalar product with E a , Ep, 
(3 ^ a, and E\, respectively, one gets 

(4.8a) .UE a ) = 

(4.8b) co?(Ep) = 0, 

(4.8c) lo?(Ei) = 0, 

for all a, f3 = 2, . . . , m, a ^= f3. 

Consider {rj m +i = £, r] m+2 • • • , Vn} to be an orthonormal normal frame field on U 
in S n and denote by A a = A Va , a = m + 2, . . . , n. Since = 0, from the Ricci 
equation of l7 in § n , we have 

A o A a = A a o A, V a = m + 2, . . . , n. 

Since k\ has multiplicity 1, if follows directly that E\ is a principal direction for A a , 
for all a = m + 2, . . . , n. Fix a 6 {m + 2, . . . , n} and denote A a (Ei) = \ a E\ on t7. 
From ([33]) (i), we have that J2iLi{A( E i)i A a( E i)) = and this leads to 

(ki - k 2 )X a + k 2 trace A a = 0. 
Since traced = m(H,r] a ) = 0, we conclude that A a = 0, i.e. 

(4.9) A a (E 1 ) = 0, Va = ra + 2,...,n. 
We now express the Gauss equation for U in § n , 

(R S "(X,Y)Z,W) = (R(X,Y)Z,W) 

(4.10) + (B(X,Z),B(Y,W)) - (B(X,W),B(Y,Z)), 
with X = W = Ei and Y = Z = E a . Using (|4T9|) one obtains 

£(£i,£ a ) = 0, B(E 1 ,E 1 ) = k 1 £, (B(E a ,E a ),B(E 1 ,E 1 ))=k 1 k 2 . 
From (JO]), (l48bl) . (Ocj) . and using ujj = — uj^, the curvature term is 

(R(Ei, E a )E a , E\) = —Ei (uji(E a )) - (uf(E a )) 2 . 
Finally, (ETTOl) and (ETgal) imply 

(41!) /fiM) = " ^^j^/ 4 + ^(^(/)) 2 . 

3 4(m — 1) m + 2 

From (|4T2j) and (|4TT|) . we have 

(412) Hp.^ + ^-D^.^ + fi^. 

Moreover, using (|4.3p . (|4.4p and (|4.8ap the Laplacian of / becomes 

m m 

Af = -Ei(Ei(f))-J2E a (EM)) + (V El Ei)f+J2(V Ea E a )f 

a=2 a=2 
in 



-Ei(Ei(f)) + Y,^ a (E a )Ei(f) 

a=2 

3(m-l) {Ei(f)f 



a=2 

.Si III III! I I I I ^ ~ ' 

(4.13) = -Ei{Ei{f)) + 



m + 2 f 
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From (J33D (ii), by substituting KT2h and (14TT31 . we get 

(4.14) /*(*(/)) = -mf + 4- 

4(m — 1) m + 2 

Consider now 7 = j(u) to be an arbitrary integral curve of E\ in U. Along 7 we 
have / = f(u) and we set w = (^i(/)) 2 = (/') 2 - Then dw/d/ = 2/", and (HTTP and 
(|4.14j) become 



(4.15) 



1 dw m + 2 2 m 2 (m + 2) 4 777, + 5 
r~dJ = ^T j 4(m-l) 7 + ^T2^' 

1 -dw 2 m 2 (m + 8) 4 3(m - 1) 

2 d/ 4(m — 1) m + 2 



By subtracting the two equations we find two cases. 
If m = 4, then 

2(2m + l) 2 m 2 (m + 5) 4 = 
3/ 2 7 2(m-l) 7 

thus / is constant. 
If m 7^ 4, then 

_ (m + 2)(2m + 1) 2 _ m 2 (m + 2)(m + 5) 4 
W ~ 3(m-4) 7 4(m-4)(m- 1) ' 

Differentiating with respect to / and replacing this in the second equation of (|4. 15j) . 

we get 

(m - l)(m + 5) ^ 2 + 3m 2 (2m + 1) 4 _ Q 



3 J 4(m - 1) 

Therefore / is constant along 7, thus grad / = along 7 and we have a contradiction. 

□ 

As a consequence of Theorem 14.31 we have the following rigidity result. 

Theorem 4.4. Let M m be a PNMC biharmonic submanifold in § n with at most 
two distinct principal curvatures in the direction of H. Then either M is minimal 
in S^l/v^), or locally, 

M = M™ 1 x Mp C S ni (Vv / 2) x § n2 (l/\/2) C § n , 

where Mi is a minimal submanifold o/§ ni (l/y / 2), i = 1,2, m\ + ni2 = m, mi 7^ 777-2, 

77,1 + 77-2 = n — 1 . 

Proof. From Theorem 14.31 we conclude that M is PMC. Moreover, since Ah has at 
most two distinct principal curvatures in the direction of H, from Proposition 3.19 
in [1], we get that VA# = and the conclusion follows by applying Theorem 3.16 
in @]. □ 

Moreover, as a corollary of Theorem 14.41 the following rigidity result, which gen- 
eralizes Theorem 5.6 in [3], is valid. 

Corollary 4.5. Let M 2 be a PNMC biharmonic surface in S n . Then M is minimal 
in S n - X (l/V2). 
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Remark 4.6. (i) In [TT] it was proved that, in general, a PNMC analytic surface in 
S n is either minimal in a small hypersphere of S n , and therefore it is PMC, or it lies 
in a 4-dimensional great sphere S 4 C Notice that with no analyticity condition, 
by Corollary 14,51 the supplementary hypothesis that the surface is biharmonic leads 
only to the first case. 

(ii) For the particular case of PNMC biharmonic surfaces in §> 4 we can give a 
different proof for Theorem 14.41 Indeed, using the codimension reduction result of 
Erbacher ([IS]), one can prove that the surface lies in a great hypersphere § 3 of S 
and, therefore it must have constant mean curvature. 

(iii) We can slightly relax the hypotheses of Theorem 14. 4[ obtaining the same 
result, in the following way. By the unique continuation property for biharmonic 
maps (see |24j). if M is a proper biharmonic submanifold in S n , then H is nowhere 
zero on an open dense subset W C M. If we assume that V (H/f) = on W 
and Ah has at most two distinct principal curvatures everywhere on W, then by 
Theorem 14.41 we get V H = on W . By continuity we obtain V^H = on M. 

5. On the type of biharmonic submanifolds in S n 

Definition 5.1 ([g] [TP]). A submanifold M C W l+l is called of finite type if its 
inclusion : M — > M n+1 can be expressed as a finite sum of M n+1 -valued eigenmaps 
of the Laplacian A of M, i.e. 

(5.1) (f> = + <f> tl + ... + fa k , 

where fa £ M n+1 is a constant vector, fa. : M — > M n+1 are non-constant maps 
satisfying A.fa f = X^faf, i = I, . . . , k. If, in particular, all eigenvalues are assumed 
to be mutually distinct the submanifold is said to be of k-type and ([5.1 p is called the 
spectral decomposition of cf). 

Remark 5.2. If M is compact the inclusion <f> : M — > M. n+1 admits a unique 
spectral decomposition <f> = fa + X^i 0i; where fa is the center of mass. Then, 
it is of fc-type if only k terms of {fa}^2 =1 are not vanishing. In the non compact 
case the spectral decomposition <p = fa + J2^=i 0i is n °t guaranteed. Nonetheless, 
if Definition 15.11 is satisfied the spectral decomposition is unique. Notice also that, 
in the non-compact case, the harmonic component of the spectral decomposition 
is not necessarily constant. Finite type submanifolds with non-constant harmonic 
component are called null finite type submanifolds. 

The inclusion of a k-type submanifold is said to be linearly independent if the 
linear subspaces 

E ti = span{<^ («):«£ M}, i = l,...,k, 

are linearly independent, i.e. the dimension of the subspace spanned by vectors in 

U«U E ti is e q ual to Ei=i dim£ ti . 

The following result provides us a necessary and a sufficient condition for a sub- 
manifold to be of finite type. 

Theorem 5.3. |10[ [13] Let (j) : M —¥ M n+1 be an isometric immersion. 

(i) If M is of finite k-type, there exist a constant vector fa £ M. n+1 and a monic 
polynomial with simple roots P of degree k with P(A)(<f) — fa) = . 
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(ii) If there exist a constant vector (fro £ M n+1 and a polynomial P with simple 
roots such that P(A)(0 — (fro) = 0, then M is of finite k-type with k < 
degree(P). 

We shall also use the following version. 

Theorem 5.4. [T3] Let (fr : M — >■ R n+1 6e an isometric immersion. 

(i) // M is of finite k-type, there exists a monic polynomial P of degree k — 1 
or k with P(A)H° = . 

(ii) If there exists a polynomial P with simple roots such that P(A)H° = 0, then 
M is of infinite type or of finite k-type with k — 1 < degree(P). 

Here H° denotes the mean curvature vector field of M in R n+1 . 

A well known result of T. Takahashi can be rewritten as the classification of 1-type 
submanifolds in R n+ . 

Theorem 5.5 ([SI])- A submanifold M C R n+1 is of 1-type if and only if either M 
is a minimal submanifold ofW l+ , or M is a minimal submanifold of a hypersphere 
ofR n+1 . 

Definition 5.6. A submanifold M C S n is said to be of finite type if it is of finite 
type as a submanifold of R n+ , where § n is canonically embedded in R n . Moreover, 
a non-null finite type submanifold in § n is said to be mass-symmetric if the constant 
vector (fro of its spectral decomposition is the center of the hypersphere § n , i.e. 
0o = 0. 

Remark 5.7. By Theorem 15. 5| biharmonic submanifolds of class B3 are 1-type 
submanifolds. Indeed, the inclusion <fr : M — > R n+1 of M in M n+1 has the spectral 
decomposition 

(fr = (fro + (fr p , 

where (fro = (0, lyS/2), (fr p : M -> R n+1 , (fr p {x, l/y/2) = (x,0) and A(fr p = 2m(fr p . 

Moreover, biharmonic submanifolds of class B4 are mass-symmetric 2-type sub- 
manifolds. Indeed, (fr : Mi x M2 — > R n+ has the spectral decomposition 

(fr = (fr p + (frg, 

where (fr p (x,y) = (x,0), (fr q {x,y) = (0,y), A(fr p = 2mi(fr p , A(fr q = 2m 2 (fr q . 

Let (p : M — > § n be a submanifold in S n and denote by (fr = i o ip : M — > R n+1 the 
inclusion of M in R n+1 . Denote by H the mean curvature vector field of M in S n 
and by H° the mean curvature vector field of M in R n+ . 

The mean curvature vector fields H° and H are related by H° = H — (fr. Moreover, 
we have 

(5.2) (H,<fr) = 0, (H°,H)=f 2 , (H°,(fr) = -1. 

Following p| the bitension field of <p can be written as 

T2 (ip) = —mAH° + 2m 2 H° + m 2 {2 - \H°\ 2 }^. 
Thus, T 2 ((f) = if and only if 

(5.3a) AH — 2mH° + m(f 2 — 1)0 = 0. 

or equivalently, since A(fr = —mH°, 

(5.3b) A 2 (fr-2mA(fr-m 2 (f 2 - 1)0 = 0, 
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In Theorem 3.1] we proved that CMC compact proper biharmonic submanifolds 
in S n are of 1-type or 2-type. This result can be generalized to the following. 

Theorem 5.8. Let ip : M — >■ S n be a proper biharmonic submanifold, not necessarily 
compact, in the unit Euclidean sphere S n . Denote by (j) = i o ip : M — > M. n+1 the 
inclusion of M in M n+1 ; where i : S n — > M n+1 is the canonical inclusion map. Then 

(i) M is a 1-type submanifold of M n+1 if and only if f = 1. In this case, 
4> = (f) + <j) p , A(p p = 2m<p p , and (f) E R n+1 , \(f> \ = 1/V2. 

(ii) M is a 2-type submanifold if and only if f = constant, / E (0, 1). In this 
case, 4> = (p p + 4> q , A(f) p = m(l - f)x p , A(f> q = m(l + f)x q . 

Proof. In order to prove (i), notice that the converse is obvious, by Theorem 15.51 and 
Theorem 12.41 

Let us suppose that M is a 1-type submanifold. From Theorem 15, 4( i). it follows 
that there exists a£l such that 

(5.4) AH = aH°. 
Equations (j5.3aj) and (|5.4|) imply 

(2m - a)H° - m(f 2 - l)<p = 0, 

and by considering the scalar product with H and using (|5.2|) . since M is proper 
biharmonic, we get a = 2m and 

m(f 2 - = 0. 

Thus / = 1. Now, as the map (j) can not be harmonic, (I5.3bjl leads to the spectral 
decomposition <f> = 4>q + <p p , Acj) p = 2m(j) p . Since A<fi = —mH°, taking into account 
the relation between H and H°, we obtain 2(/)q = <ft + H. Since \<p\ = 1 = /, and H 
is orthogonal to 4>, we conclude that \<po\ = l/\/2. 

Let us now prove (ii). The converse of (ii) follows immediately. Indeed, from 
(|5.3b[) . if / = constant, / G (0, 1), then choosing the constant vector (f>Q = and the 
polynomial with simple roots 

P(A) = A 2 - 2mA 1 - m 2 {f 2 - 1)A°, 

we are in the hypotheses of Theorem 15. 3( ii). Thus M is of finite /c-type, with k < 2. 
Taking into account (i), since / G (0, 1), this implies that M is a 2-type submanifold 
with 

4> = <j) p + 4> q , 

with corresponding eigenvalues X p = m(l — /), X q = m(l + /). Also, notice that 

— Ap A q — A q A q — Ap A q — A q 

which are smooth non-zero maps. 

Suppose now that M is a 2-type submanifold. From Theorem I5.3f i). it follows 
that there exist a constant vector </>o E M. n+1 and a, b E R such that 

(5.5) AH = aH° + b(4> — <f>o). 
Equations (|5.3ap and (|5.5p lead to 

(5.6) (2m - a)H° - (m( f - 1) + 6)0 + b<p = 0. 
We have to consider two cases. 

Case 1. If b = 0, i.e. M is a null 2-type submanifold, by taking the scalar product 
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with H in (|5.6|) and using (|5.2[) . since M is proper biharmonic, we get a = 2m and 
/ = 1. By (i), this leads to a contradiction. 

Case 2. If b ^ 0, by taking the scalar product with X £ C{TM) in (|5.6|) . we obtain 
((fro, X) = 0, for all X G C(TM), i.e. the component of (fro tangent to M vanishes 

(5.7) (^o) T = 0. 

Take now the scalar product with <fr in (|5.6|) and use (|5,2|) . We obtain 

-2m + a - m{f 2 - 1) - b + b((fr , (fr) = 0, 
and, by differentiating, 

(5.8) mgrad/ 2 = 6grad(</>o, </>}• 

Now, by considering {-Ei}^ to be a local orthonormal frame field on M, we have 

m m m 

grad(^ , </>> = £ Ei(((fro, <fr))Ei = £(<£ , V^0)^ = ^(0 O , 

i=l i=l i=l 

(5.9) = (0 O ) T . 

This, together with equations (15. 7p and (|5.8fl . leads to / = constant and using 
Theorem 12.41 we conclude the proof. □ 

Remark 5.9. The direct implication of (i) in Theorem 15.81 can be also proved in 
a more geometric manner (see [T]). 

We are now interested in proper biharmonic submanifolds of 3-type in spheres. In 
|12j it was proved that there are no CMC 3-type hypersurfaces in a hypersphere of 
the Euclidean space. Since the known examples of proper biharmonic hypersurfaces 
in spheres are CMC, one may think that there are no such hypersurfaces of type 3. 
Indeed, we have a more general result. 

Theorem 5.10. There exist no PNMC biharmonic 3-type submanifolds M m in the 
unit Euclidean sphere § n . 

Proof. Suppose now that M is a PNMC biharmonic 3-type submanifold. From 
Theorem 15. 3\ it follows that there exist a constant vector (fro £ M n+1 and a, 6, c G M 
such that 

(5.10) A 2 H° = aAH° + bH° + c((fr-(j)o). 
Equations (|5.3aj) and (|5.10p lead to 

(5.11) A 2 H° = (2ma + b)H° + (c - ma(f 2 - l))(fr - c(fr . 
Now, by applying A to equation (I5.3ap we get 

A 2 H° = m 2 (3 + f 2 )H° - (mAf 2 + 2m 2 {f 2 -l))(fr 

(5.12) +2mc^(grad/ 2 ). 

By taking the scalar product with £ = H/f in (|5.1ip and (|5.12p and by using (|5.2p . 
we obtain 

(5.13) - c((fr , f) = m 2 f + (3m 2 - 2ma - b)f. 

Consider now the scalar product with IgC (TM) in (15. lip and (|5.12p . This implies 

-c(^o,X) = 2mX(f 2 ), 
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and, further, the component of c<po tangent to M is given by 

(5.14) - c(0 o ) T = 2m grad/ 2 . 

Moreover, by taking the scalar product with an arbitrary vector field rj normal to 
AT in S n , n _L £, in (fBTTT]) and (ETT2D we find 

(5.15) -c(0 O) 77) = O. 
Equations (|5.14|) and (|5.15|) lead to 

(5.16) - c0 o = 2m grad / 2 - c(0 o , £}£ ~ c (^o, 
Differentiating (|5.13|) . one gets 

(5.17) — cgrad(t/>o,0 = (3m 2 / 2 + 3m 2 — 2ma — 6) grad/. 

By considering {Ei}'^] =1 to be a local orthonormal frame field on M and using V -1- ^ = 
0, (J5HSD, (15331) and dSHD , we have the following 

m m 



- C grad(0 o ,O = -c^E i ((0 o ,O)^ = -cE(( V B^o,O + (^o,V| i O)^ 

i=i i=i 

= -c^^cv^o^ = -c^r^v^-^))^ 

i=l i=l 
m m 

= cY,{(M J ',A(Ei))Ei = Y,(Mc(M T ),E t )E t 
i=i i=i 

(5.18) = -2mA(grad/ 2 ). 
Equations (|5.17p and (|5.18p imply 

(5.19) 2rm4(grad f) = (-3m 2 / 2 - 3m 2 + 2ma + grad /. 

Since M is a PNMC biharmonic submanifold, f|3.3|) (iii), together with (|5.19p . 
leads to 

(m 2 f 2 + 3m 2 — 2ma — bj grad / = 0, 

on M. This implies that grad / = 0, i.e. M is CMC. From Theorem 15 .8\ we have 
that M is a 1-type or 2-type submanifold and we get to a contradiction. 

□ 

Since any hypersurface with nowhere zero mean curvature is PNMC we have the 
following. 

Corollary 5.11. There exist no biharmonic 3-type hyper surf aces M m in the unit 
Euclidean sphere S m+1 . 

Proof. Suppose that M is of 3-type. Then M is not minimal in S m+1 , thus / 
is nowhere zero on an open dense subset W C M. Every connected component 
of W is PNMC and, by Theorem 15.101 it can not be of 3-type. This leads to a 
contradiction. □ 

We note that the classes B3 and B4 of proper biharmonic submanifolds in spheres 
are linearly independent (even more, orthogonal) 2-type submanifolds. Thus it is 
natural to ask weather there exist proper biharmonic independent higher finite type 
submanifolds. We can prove the following result. 
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Proposition 5.12. Let M be a proper biharmonic submanifold in 8™. If M is of 

finite k-type, mass-symmetric and linearly independent, then k = 2. 

Proof. Let M be a £;-type mass-symmetric submanifold in S n . Then, we have 

= 4> tl + (t>t 2 + ■ ■ ■ + <l>t k , 

where <^ are non-harmonic maps satisfying A(f) ti = \ t .(j) tv and are mutually 
distinct, i = 1, . . . , k. This implies that 

k k 

(5.20) A0 = 5>^ and A 2 = £ A 2 tj . 

i=l i=i 

Since M is proper biharmonic, replacing (|5,20p in (|5.3bp . we obtain 

k 

Y J {\l-2m\ u -m\f 2 - 1))^=0. 
i=i 

Using that M is independent, we get (A 2 , — 2m\ ti — m 2 (f 2 — 1))^ = on M, 
for all i = l,...,k. Since 0^ is non-zero on an open dense set in M, we have 
\ 2 z - 2m\ u - m 2 (f 2 - 1) = on M, for all i = 1, . . . , k. This implies that / = 
constant. Since <fi is mass-symmetric, by Theorem 15. S\ we conclude that k = 2. □ 
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